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HAMILTON-JACOBI THEORY IN k-COSYMPLECTIC FIELD
THEORIES
M. DE LEO´N AND S. VILARIN˜O
Abstract. In this paper we extend the geometric formalism of the Hamilton-
Jacobi theory for time dependent Mechanics to the case of classical field the-
ories in the k-cosymplectic framework.
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1. Introduction
The usefulness of Hamilton-Jacobi theory in Classical Mechanics is well-known,
giving an alternative procedure to study and, in some cases, to solve the evolution
equations [1]. The use of symplectic geometry in the study of Classical Mechanics
has permitted to connect the Hamilton-Jacobi theory with the theory of Lagrangian
submanifolds and generating functions [3].
At the beginning of the 1900s an analog of Hamilton-Jacobi equation for field
theory has been developed [29], but it has not been proved to be as powerful as the
theory which is available for mechanics [4, 5, 25, 26, 28, 30].
There are several recent attempts to extend the Hamilton-Jacobi theory for clas-
sical field theories in a geometrical setting. For instance in the framework of the
so-called multisymplectic formalism [14, 25, 26] (see also [6, 11] for a general de-
scription of the multisymplectic setting) or in the k-symplectic formalism in [16]
(see [24, 27] for a discussion of the relationship between both formulations, see also
[10]). Our method is based in that developed by J.F. Carin˜ena et al. for Classical
Mechanics [7, 8] (see also [13, 15]).
In the context of Classical Field Theories, the Hamiltonian is a function H =
H(xα, qi, pαi ), where (x
α) are coordinates in the space-time, (qi) represent the field
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coordinates and (pαi ) are the conjugate momenta. In this context, the Hamilton-
Jacobi equation is [29]
∂Wα
∂xα
+H
(
xβ , qi,
∂Wα
∂qi
)
= 0 (1.1)
where W 1, . . . ,W k : Rk ×Q→ R.
The aim of this paper is to extend the Hamilton-Jacobi theory to field theories
just in the context of k-cosymplectic manifolds [19, 20, 21]. The “dynamics” for a
given Hamiltonian function H is interpreted as a family of vector fields (a k-vector
field) on the phase space Rk × (T 1k )∗Q (or in general on a k-cosymplectic manifold
(M, ηα, ωα, V )).
The paper is structured as follows. In Sec. 2, we recall the notion of k-vector
field and their integral sections and give a briefly description of the k-cosymplectic
formalism. In Sec. 3 we discuss the Hamilton-Jacobi equation in the k-cosymplectic
context. Finally, an example is discussed in Sec. 4, with the aim to show how the
method works.
We shall also adopt the convention that a repeated index implies summation over
the range of the index, but, in some cases, to avoid confusions we will explicitly
include the summation symbol.
2. The k-cosymplectic formalism
The k-cosymplectic formalisms [19, 21] is one of the simplest geometric frame-
works for describing first order classical field theories (see [2] for the k-symplectic
case). It is the generalization to field theories of the standard cosymplectic for-
malism for nonautonomous mechanics and it describes field theories involving the
space-time coordinates on the Lagrangian and on the Hamiltonian cases. The foun-
dations of the k-cosymplectic formalism are the k-cosymplectic manifolds. In this
section we briefly recall this formalism.
2.1. Geometric preliminaries: k-vector fields and integral sections. In
this section we briefly recall some well-known facts about tangent bundles of k1-
velocities (we refer the reader to [17, 18, 22, 23, 24, 27] for more details).
Let τM : TM −→ M be the tangent bundle of M . Let us denote by T 1kM the
Whitney sum TM⊕ k. . . ⊕TM of k copies of TM , with projection τ : T 1kM −→M ,
τ(v1p, . . . , vkp) = p, where vαp ∈ TpM , 1 ≤ α ≤ k. T 1kM can be identified with the
manifold J10 (R
k,M) of the k1-velocities of M , that is, 1-jets of maps η : Rk −→M
with source at 0 ∈ Rk, say
J10 (R
k,M) ≡ TM⊕ k. . . ⊕TM
j10,pη ≡ (v1p, . . . , vkp)
where x = η(0), and vαp = Tη(0)(
∂
∂xα
∣∣∣
0
). Here (x1, . . . , xk) denote the standard
coordinates on Rk. T 1kM is called the tangent bundle of k
1-velocities ofM or simply
k-tangent bundle for short, see [23].
Denote by (xi, vi) the fibred coordinates in TM from local coordinates (xi) on
M . Then we have fibred coordinates (xi, viα), 1 ≤ i ≤ m, 1 ≤ α ≤ k, on T 1kM ,
where m = dimM .
Definition 2.1. A section X : M −→ T 1kM of the projection τ will be called a
k-vector field on M .
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Since T 1kM is the Whitney sum TM⊕ k. . . ⊕TM of k copies of TM , we deduce
given a k-vector field X is equivalent to giving a family of k vector fields X1, . . . , Xk
on M by projecting X onto each factor. For this reason we will denote a k-vector
field by (X1, . . . , Xk).
Definition 2.2. An integral section of the k-vector field X = (X1, . . . , Xk), passing
through a point p ∈M , is a map ψ : U0 ⊂ Rk −→M , defined on some neighborhood
U0 of 0 ∈ Rk, such that
ψ(0) = p, Tψ
(
∂
∂xα
∣∣∣
x
)
= Xα(ψ(x)), for every x ∈ U0, 1 ≤ α ≤ k
or, equivalently, ψ satisfies that X ◦ ψ = ψ(1), being ψ(1) is the first prolongation
of ψ to T 1kM defined by
ψ(1) : U0 ⊂ Rk −→ T 1kM
x −→ ψ(1)(x) = j10ψx ,
where ψx(s) = ψ(x + s).
A k-vector field X = (X1, . . . , Xk) on M is said to be integrable if there is an
integral section passing through every point of M .
In local coordinates, we have
ψ(1)(x1, . . . , xk) =
(
ψi(x1, . . . , xk),
∂ψi
∂xα
(x1, . . . , xk)
)
, (2.1)
and then ψ is an integral section of (X1, . . . , Xk) if and only if the following equa-
tions hold:
∂ψi
∂xα
= X iα ◦ ψ 1 ≤ α ≤ k, 1 ≤ i ≤ m , (2.2)
being Xα = X
i
α
∂
∂qi
.
Notice that, in case k = 1, Definition 2.2 coincides with the definition of integral
curve of a vector field.
2.2. k-cosymplectic manifolds. Let Q be a differentiable manifold, dimQ = n,
and pi : T ∗Q→ Q its cotangent bundle. Denote by (T 1k )∗Q = T ∗Q⊕ k. . . ⊕T ∗Q, the
Whitney sum of k copies of T ∗Q. The manifold (T 1k )
∗Q can be identified with the
manifold J1(Q,Rk)0 of 1-jets of mappings from Q to R
k with target at 0 ∈ Rk, the
diffeomorphism is given by
J1(Q,Rk)0 ≡ T ∗Q⊕ k. . . ⊕T ∗Q
j1q,0σ ≡ (dσ1(q), . . . , dσk(q)) ,
where σα = piα ◦ σ : Q −→ R is the αth component of σ, and piα : Rk → R is the
canonical projection onto the αth component, for α = 1, . . . , k. (T 1k )
∗Q is called
the cotangent bundle of k1-covelocities of the manifold Q.
The manifold J1piQ of 1-jets of sections of the trivial bundle piQ : R
k ×Q → Q
is diffeomorphic to Rk × (T 1k )∗Q, via the diffeomorphism given by
J1piQ → Rk × (T 1k )∗Q
j1qφ = j
1
q (φRk , IdQ) 7→ (φRk(q), ν1q , . . . , νkq ) ,
where φRk : Q
φ→ Rk ×Q πRk→ Rk, and ναq = dφαRk(q), 1 ≤ α ≤ k.
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Throughout the paper, we use the following notation for the canonical projections
R
k × (T 1k )∗Q
(πQ)1, 0 //
(πQ)1
((PP
P
P
P
P
P
P
P
P
P
P
P
P
R
k ×Q
πQ

Q
where
piQ(x, q) = q, (piQ)1,0(x, ν
1
q , . . . , ν
k
q ) = (x, q), (piQ)1(x, ν
1
q , . . . , ν
k
q ) = q ,
with x ∈ Rk, q ∈ Q and (ν1q , . . . , νkq ) ∈ (T 1k )∗Q.
If (qi) are local coordinates on U ⊆ Q, then the induced local coordinates (qi, pi),
1 ≤ i ≤ n, on (τ∗Q)−1(U) = T ∗U ⊂ T ∗Q, are given by
qi(νq) = q
i(q), pi(νq) = νq
(
∂
∂qi
∣∣∣
q
)
,
with νq ∈ T ∗Q, and the induced local coordinates (xα, qi, pαi ) on [(piQ)1]−1(U) =
R
k × (T 1k )∗U are given by
xα(x, ν1q , . . . , ν
k
q ) = x
α, qi(x, ν1q , . . . , ν
k
q ) = q
i(q), piα(x, ν
1
q , . . . , ν
k
q ) = ν
α
q
(
∂
∂qi
∣∣∣
q
)
,
for 1 ≤ i ≤ n and 1 ≤ α ≤ k.
On Rk × (T 1k )∗Q, we consider the differential forms
ηα = dxα = (piα1 )
∗dx , θα = (piα2 )
∗θ , ωα = (piα2 )
∗ω ,
where piα1 : R
k × (T 1k )∗Q → R and piα2 : Rk × (T 1k )∗Q → T ∗Q are the projections
defined by
piα1 (x, ν
1
q , . . . , ν
k
q ) = x
α, piα2 (x, ν
1
q , . . . , ν
k
q ) = ν
α
q ,
ω = −dθ = dqi ∧ dpi is the canonical symplectic form on T ∗Q and θ = pi dqi is the
Liouville 1-form on T ∗Q. Obviously ωα = −dθα.
In local coordinates we have
ηα = dxα, θα = pαi dq
i, ωα = dqi ∧ dpαi . (2.3)
Moreover, let
V = ker ( (piQ)1,0)∗ =
〈
∂
∂p1i
, . . . ,
∂
∂pki
〉
i=1,...,n
(2.4)
be the vertical distribution of the bundle (piQ)1,0 : R
k × (T 1k )∗Q→ Rk ×Q.
A simple inspection of the expressions in local coordinates, (2.3) and (2.4) show
that the forms ηα and ωα are closed, and the following relations hold
(i) η1 ∧ · · · ∧ ηk 6= 0, (ηα)|V = 0, (ωα)|V×V = 0,
(ii) (∩kα=1 ker ηα) ∩ (∩kα=1 kerωα) = {0}, dim(∩kα=1 kerωα) = k,
Inspired by the above geometrical model we introduce the following (see [21]),
Definition 2.3. Let M be a differentiable manifold of dimension k(n+ 1) + n. A
k–cosymplectic structure on M is a family (ηα, ωα, V ; 1 ≤ α ≤ k), where each ηα is
a closed 1-form, each ωα is a closed 2-form and V is an integrable nk-dimensional
distribution onM satisfying (i) and (ii). M is said to be a k–cosymplectic manifold.
The following theorem has been proved in [21]:
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Theorem 2.4 (Darboux theorem). If M is a k–cosymplectic manifold, then
around each point of M there exist local coordinates (xα, qi, pαi ; 1 ≤ α ≤ k, 1 ≤ i ≤
n) such that
ηα = dxα, ωα = dqi ∧ dpαi , V =
〈
∂
∂p1i
, . . . ,
∂
∂pki
〉
i=1,...,n
.
These coordinates will be called Darboux coordinates. The canonical model for
these geometrical structures is (Rk × (T 1k )∗Q, ηα, ωα, V ).
2.3. k-cosymplectic Hamiltonian field theory. In this section we introduce the
k-cosymplectic description of the Hamilton-De Donder-Weyl equations
∂ψi
∂xα
∣∣∣
x
=
∂H
∂pαi
∣∣∣
ψ(x)
,
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
= −∂H
∂qi
∣∣∣
ψ(x)
, (2.5)
where locally ψ(x) = (x, ψi(x), ψαi (x)). This approach was firstly introduced by M.
de Leo´n et al. [21]. We will consider the general case on an arbitrary k-cosymplectic
manifold M but everything can be particularize for the case of M = Rk × (T 1k )∗Q.
Definition 2.5. Let (M, ηα, ωα, V ) be a k-cosymplectic manifold and H : M →
R be a Hamiltonian function. The family (M, ηα, ωα, H) is called k-cosymplectic
Hamiltonian system.
Theorem 2.6. Let (M, ηα, ωα, H) a k-cosymplectic Hamiltonian system and X =
(X1, . . . , Xk) a k-vector field on M solution to the system of equations
ηα(Xβ) = δ
α
β , 1 ≤ α, β ≤ k
k∑
α=1
ıXαω
α = dH −
k∑
α=1
Rα(H)η
α ,
(2.6)
where R1, . . . , Rk are the Reeb vector fields associated with the k-cosymplectic struc-
ture on M which are characterized by the conditions
ıRαη
β = δβα, ıRαω
β = 0 .
If ψ : Rk → M, ψ(x) = (xα, ψi(x), ψαi (x)) is an integral section of the k-vector
field X, then ψ is a solution of the Hamilton-De Donder-Weyl equations (2.5).
Proof. Let X = (X1, . . . , Xk) be a k-vector on M solution to (2.6). In Darboux
coordinates each component Xα of the k-vector field X = (X1, . . . , Xk) has the
following local expression
Xα = (Xα)β
∂
∂xβ
+ (Xα)
i ∂
∂qi
+ (Xα)
β
i
∂
∂pβi
.
Now, since
dH =
∂H
∂xα
dxα +
∂H
∂qi
dqi +
∂H
∂pαi
dpαi ,
and
ηα = dxα, ωα = dqi ∧ dpαi , Rα =
∂
∂xα
,
with 1 ≤ α ≤ k, we deduce that equation (2.6) is locally equivalent to the following
local equations
(Xα)β = δ
β
α,
∂H
∂pαi
= (Xα)
i,
∂H
∂qi
= −
k∑
α=1
(Xα)
α
i . (2.7)
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Let us suppose now that X = (X1, . . . , Xk) is integrable and
ψ : Rk → M
x 7→ ψ(x) = (xα, ψi(x), ψαi (x))
is an integral section of X then (see (2.2))
(Xα)β ◦ ψ = δβα,
∂ψi
∂xα
= (Xα)
i ◦ ψ, ∂ψ
β
i
∂xα
= (Xα)
β
i ◦ ψ . (2.8)
Therefore, from (2.7) and (2.8) we obtain that ψ(x) = (x, ψi(x), ψαi (x)) is a
solution of the following equations
∂H
∂qi
∣∣∣
ψ(x)
= −
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
,
∂H
∂pαi
∣∣∣
ψ(x)
=
∂ψi
∂xα
∣∣∣
x
,
where 1 ≤ i ≤ n and 1 ≤ α ≤ k, that is, ψ is a solution to the Hamilton-De
Donder-Weyl equations (2.5). 
Consequently, the equations (2.6) can be considered as a geometric version of the
Hamilton-De Donder-Weyl field equations. From now, we will call these equations
(2.6) as k-cosymplectic Hamiltonian equations.
Definition 2.7. A k-vector field X = (X1, . . . , Xk) is called a k-cosymplectic
Hamiltonian k-vector field for a k-cosymplectic Hamiltonian system (M, ηα, ωα,
H) if X is a solution of (2.6). We denote by XkH(M) the set of k-vector fields
which are solution of (2.6).
Remark 2.8. We will discuss here about the existence and uniqueness of solutions
of equations (2.6).
First of all, we shall prove the existence of geometric solutions.
Let (M, ηα, ωα, V ) be a k-cosymplectic manifold; then, we can define the vector
bundle morphism
ω♯ : T 1kM −→ T ∗M
(X1, . . . , Xk) 7→
k∑
α=1
ıXαω
α + ηα(Xα)η
α .
(2.9)
and, denoting by Mk(C
∞(M)) the space of matrices of order k whose entries are
functions on M , we also have the vector bundle morphism
η♯ : T 1kM −→ Mk(C∞(M))
(X1, . . . , Xk) 7→ η♯(X1, . . . , Xk) = (ηα(Xβ)) .
(2.10)
From the local conditions (2.7) we can define in a neighborhood of each point
x ∈M a k-vector field that satisfies (2.6). For example we can put
(Xα)β = δ
β
α , (X1)
1
i =
∂H
∂qi
, (Xα)
β
i = 0 for α 6= 1 6= β , (Xα)i =
∂H
∂pαi
.
Now one can construct a global k-vector field, which is a solution of (2.6), by using
a partition of unity in the manifold M (see [19, 21] for more details).
It should be noticed that, in general, equations (2.6) do not have a unique solu-
tion. In fact, the solutions of (2.6) are given by (X1, . . . , Xk) + (kerω
♯ ∩ ker η♯) for
a particular solution (X1, . . . , Xk).
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Let us observe that given a k-vector field Y = (Y1, . . . , Yk) the condition Y ∈
kerω♯ ∩ ker η♯ is locally equivalent to
(Yβ)α = 0, Y
i
β = 0,
k∑
α=1
(Yα)
α
i = 0 . (2.11)
⋄
Remark 2.9. In the case k = 1 with M = R × T ∗Q the equations (2.6) reduces
to the equations of the non-autonomous Hamiltonian Mechanics. ⋄
3. The Hamilton-Jacobi equation
There are several attempts to extend the Hamilton-Jacobi theory for classical
field theories. In [16] we have described this theory in the framework of the so-called
k-symplectic formalism [2, 9, 17, 18]. In this section we consider the k-cosymplectic
framework. Another attempts in the framework of the multisymplectic formalism
[6, 11] have been discussed in [14, 25, 26].
Along this section we only consider Hamiltonian systems defined on the phase-
space Rk × (T 1k )∗Q.
In Classical Field Theory the Hamilton-Jacobi equation is [29]
∂Wα
∂xα
+H
(
xβ , qi,
∂Wα
∂qi
)
= 0 (3.1)
where W 1, . . . ,W k : Rk ×Q→ R.
The classical statement of time-dependent Hamilton-Jacobi equation for analyt-
ical mechanics is the following [1]:
Theorem 3.1. Let H : R × T ∗Q → R be a Hamiltonian and T ∗Q the symplectic
manifold with the canonical symplectic structure ω = −dθ. Let XHt be a Hamil-
tonian vector field on T ∗Q associated to the Hamiltonian Ht : T
∗Q→ R, Ht(νq) =
H(t, νq), and W : R× Q → R be a smooth function. The following two conditions
are equivalent:
(i) for every curve c in Q satisfying
c′(t) = (pi)∗
(
XHt(dWt(c(t)))
)
the curve t 7→ dWt(c(t)) is an integral curve of XHt , where Wt : Q →
R, Wt(q) =W (t, q).
(ii) W satisfies the Hamilton-Jacobi equation
H(x, qi,
∂W
∂qi
) +
∂W
∂t
= constant on T ∗Q
that is,
Ht ◦ dWt + ∂W
∂t
= K(t) .
In this section we introduce a geometric version of the Hamilton-Jacobi theory
based in the k-cosymplectic formalism. In the particular case k = 1 we recover the
above Theorem 3.1 for the time-dependent classical mechanics.
For each x = (x1, . . . , xk) ∈ Rk we consider the following mappings
ix : Q → Rk ×Q
q 7→ (x, q) and
jx : (T
1
k )
∗Q → Rk × (T 1k )∗Q
(ν1q , . . . , ν
k
q ) 7→ (x, ν1q , . . . , νkq )
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Let γ : Rk×Q→ Rk×(T 1k )∗Q be a section of (piQ)1,0. Let us observe that given a
section γ is equivalent to giving a mapping γ¯ : Rk×Q→ (T 1k )∗Q. If fact, given γ we
define γ¯ = p¯i2 ◦ γ where p¯i2 is the canonical projection p¯i2 : Rk × (T 1k )∗Q→ (T 1k )∗Q;
conversely, given γ¯ we define γ as the composition γ(x, q) = (jx ◦ γ¯)(x, q). Now,
since (T 1k )
∗Q is the Whitney sum of k copies of the cotangent bundle, to give γ is
equivalent to give a family (γ¯1, . . . , γ¯k) of 1-forms along the map piQ : R
k×Q→ Q.
If we consider local coordinates (xα, qi, pαi ) we have the following local expres-
sions:
γ(xα, qi) = (xα, qi, γβj (x
α, qi)) ,
γ¯(xα, qi) = (qi, γβj (x
α, qi)) ,
γ¯α(x, q) = γαj (x, q)dq
j(q) .
(3.2)
Moreover, along this section we suppose that each γ¯α satisfies that its exterior
differential dγ¯α vanishes over two piRk -vertical vector fields. In local coordinates,
using the local expressions (3.2), this condition implies that
∂γαi
∂qj
=
∂γαj
∂qi
. (3.3)
Now, let Z = (Z1, . . . , Zk) be a k-vector field on R
k × (T 1k )∗Q. Using γ we can
construct a k-vector field Zγ = (Zγ1 , . . . , Z
γ
k ) on R
k × Q such that the following
diagram is commutative
R
k × (T 1k )∗Q
(πQ)1,0

Z // T 1k (R
k × (T 1k )∗Q)
T 1k (πQ)1,0

R
k ×Q
γ
GG
Zγ // T 1k (R
k ×Q)
that is,
Zγ := T 1k (piQ)1,0 ◦ Z ◦ γ .
Let us recall that for an arbitrary differentiable map f : M → N , the induced
map T 1k f : T
1
kM → T 1kN of f is defined by
T 1k f(v1x, . . . , vkx) = (f∗(x)(v1x), . . . , f∗(x)(vkx)) , (3.4)
where v1x, . . . , vkx ∈ TxM , x ∈M
Let us observe that if Z is integrable then Zγ is also integrable.
In local coordinates, if each Zα is locally given by
Zα = (Zα)β
∂
∂xβ
+ Ziα
∂
∂qi
+ (Zα)
β
i
∂
∂pβi
then Zγα has the following local expression:
Zγα =
(
(Zα)β ◦ γ
) ∂
∂xβ
+ (Ziα ◦ γ)
∂
∂qi
. (3.5)
In particular, if we consider the k-vector field R = (R1, . . . , Rk) given by the
Reeb vector fields, we obtain, by a similar procedure, a k-vector field (Rγ1 , . . . , R
γ
k)
on Rk ×Q. In local coordinates, since Rα = ∂/∂xα we have
Rγα =
∂
∂xα
.
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Next, we consider a Hamiltonian function H : Rk × (T 1k )∗Q −→ R, and the
corresponding Hamiltonian system on Rk × (T 1k )∗Q. Notice that if Z satisfies the
Hamilton-De Donder-Weyl equations (2.6), then we have
(Zα)β = δαβ .
Theorem 3.2 (Hamilton-Jacobi theorem). Let Z ∈ XkH(Rk × (T 1k )∗Q) be a k-
vector field solution to the k-cosymplectic Hamiltonian equation (2.6) and γ : Rk ×
Q→ Rk× (T 1k )∗Q be a section of (piQ)1,0 with the property described above. If Z is
integrable then the following statements are equivalent:
(i) If a section ψ : U ⊂ Rk → Rk × Q of piRk : Rk × Q → Rk is an integral
section of Zγ then γ ◦ ψ is a solution of the Hamilton-De Donder-Weyl
equations (2.5);
(ii) (piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α = 0 for any x ∈ Rk.
Proof. Let us suppose that a section ψ : U ⊂ Rk → Rk ×Q is an integral section of
Zγ . In local coordinates that means that if ψ(x) = (xα, ψi(x)), then
[(Zα)β ◦ γ](ψ(x)) = δαβ , (Ziα ◦ γ)(ψ(x)) =
∂ψi
∂xα
.
Now by hypothesis, γ ◦ψ : U ⊂ Rk → Rk× (T 1k )∗Q is a solution of the Hamilton-
De Donder-Weyl equation for H . In local coordinates, if ψ(x) = (x, ψi(x)), then
γ ◦ ψ(x) = (x, ψi(x), γαi (ψ(x))) and as it is a solution of the Hamilton-De Donder-
Weyl equations for H , we have
∂ψi
∂xα
∣∣∣
x
=
∂H
∂pαi
∣∣∣
γ(ψ(x))
and
k∑
α=1
∂(γαi ◦ ψ)
∂xα
∣∣∣
x
= −∂H
∂qi
∣∣∣
γ(ψ(x))
. (3.6)
Now, if we compute the differential of the function H ◦ γ ◦ ix : Q→ R, we obtain
that:
(piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α
=
(
∂H
∂qi
◦ γ ◦ ix +
(
∂H
∂pαj
◦ γ ◦ ix
)(
∂γαj
∂qi
◦ ix
)
+
(
∂γαi
∂xα
◦ ix
))
dqi
. (3.7)
Therefore from (3.3), (3.6) and (3.7) and taking into account that one can write
ψ(x) = (ix ◦ piQ ◦ ψ)(x), where piQ : Rk × Q → Q is the canonical projection, we
obtain
((piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α)(piQ ◦ ψ(x))
=
(
∂H
∂qi
∣∣∣
γ(ψ(x))
+
∂H
∂pαj
∣∣∣
γ(ψ(x))
∂γαj
∂qi
∣∣∣
ψ(x)
+
∂γαi
∂xα
∣∣∣
ψ(x)
)
dqi(piQ ◦ ψ(x))
=
(
−
k∑
α=1
∂(γαi ◦ ψ)
∂xα
∣∣∣
x
+
∂ψj
∂xα
∣∣∣
x
∂γαj
∂qi
∣∣∣
ψ(x)
+
∂γαi
∂xα
∣∣∣
ψ(x)
)
dqi(piQ ◦ ψ(x))
=
(
−
k∑
α=1
∂(γαi ◦ ψ)
∂xα
∣∣∣
x
+
∂ψj
∂xα
∣∣∣
x
∂γαi
∂qj
∣∣∣
ψ(x)
+
∂γαi
∂xα
∣∣∣
ψ(x)
)
dqi(piQ ◦ ψ(x))
= 0 .
As we have mentioned above, since Z is integrable, the k-vector field Zγ is also
integrable, and then for each point (x, q) ∈ Rk × Q we have an integral section
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ψ : U ⊂ Rk → Rk ×Q of Zγ passing trough this point. Therefore, for any x ∈ Rk,
we get
(piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α
ıRγαdγ¯
α = 0 .
Conversely, let us suppose that (piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α = 0 and take
ψ an integral section of Zγ . We now will prove that γ ◦ ψ is a solution to the
Hamilton-De Donder-Weyl field equations for H .
Since (piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α = 0 from (3.7) we obtain
∂H
∂qi
◦ γ ◦ ix +
(
∂H
∂pαj
◦ γ ◦ ix
)(
∂γαj
∂qi
◦ ix
)
+
(
∂γαi
∂xα
◦ ix
)
= 0 . (3.8)
From (2.7) and (3.5) we know that
Zγα =
∂
∂xα
+
( ∂H
∂pαi
◦ γ
) ∂
∂qi
, (3.9)
and then since ψ(x, q) = (x, ψi(x, q)) is an integral section of Zγ we deduce that
∂ψi
∂xα
=
∂H
∂pαi
◦ γ ◦ ψ . (3.10)
On the other hand, from (3.3), (3.8) and (3.10) we get
k∑
α=1
∂(γαi ◦ ψ)
∂xα
∣∣∣
x
=
k∑
α=1
(
∂γαi
∂xα
∣∣∣
ψ(x)
+
∂γαi
∂qj
∣∣∣
ψ(x)
∂ψj
∂xα
∣∣∣
x
)
=
=
k∑
α=1
(
∂γαi
∂xα
∣∣∣
ψ(x)
+
∂γαi
∂qj
∣∣∣
ψ(x)
∂H
∂pαj
∣∣∣
γ(ψ(x))
)
=
k∑
α=1
(
∂γαi
∂xα
∣∣∣
ψ(x)
+
∂γαj
∂qi
∣∣∣
ψ(x)
∂H
∂pαj
∣∣∣
γ(ψ(x))
)
= −∂H
∂qi
∣∣∣
γ(ψ(x))
and thus we have proved that γ ◦ ψ is a solution to the Hamilton-de Donder-Weyl
equations. 
Theorem 3.3. Let Z ∈ XkH(Rk × (T 1k )∗Q) be a k-vector field solution to the k-
cosymplectic Hamiltonian equation (2.6) and γ : Rk×Q→ Rk×(T 1k )∗Q be a section
of (piQ)1,0 satisfying the same conditions of the above theorem. Then, the following
statements are equivalent:
(i) Z|Imγ − T 1k γ(Zγ) ∈ kerω♯ ∩ ker η♯, being ω♯ and η♯ the vector bundle
morphism defined in Remark 2.8;
(ii) (piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α = 0.
Proof. A direct computation shows that Zα|Imγ − Tγ(Zγα) has the following local
expression (
(Zα)
β
j ◦ γ −
∂γβj
∂xα
− (Ziα ◦ γ)
∂γβj
∂qi
)
∂
∂pβj
◦ γ .
Thus from (2.11) we know that Z|Imγ − T 1kγ(Zγ) ∈ kerω♯ ∩ ker η♯ if and only if
k∑
α=1
(
(Zα)
α
j ◦ γ −
∂γαj
∂xα
− (Ziα ◦ γ)
∂γαj
∂qi
)
= 0 . (3.11)
Now we are ready to prove the result.
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Assume that (i) holds, then from (2.7), (3.3) and (3.11) we obtain
0 =
k∑
α=1
(
(Zα)
α
j ◦ γ −
∂γαj
∂xα
− (Ziα ◦ γ)
∂γαj
∂qi
)
= −
((
∂H
∂qj
◦ γ
)
+
∑
α
∂γαj
∂xα
+
(
∂H
∂pαi
◦ γ
)
∂γαj
∂qi
)
= −
((
∂H
∂qj
◦ γ
)
+
∑
α
∂γαj
∂xα
+
(
∂H
∂pαi
◦ γ
)
∂γαi
∂qj
)
.
Therefore (piQ)
∗[d(H ◦ γ ◦ ix)] + ıRγαdγ¯α = 0 (see (3.7)).
The converse is proved in a similar way by reversing the arguments. 
Corollary 3.4. Let Z ∈ XkH(Rk× (T 1k )∗Q) be a solution of (2.6) and γ : Rk×Q→
R
k× (T 1k )∗Q be a section of (piQ)1,0 as in the above theorem. If Z is integrable then
the following statements are equivalent:
(i) Z|Imγ − T 1k γ(Zγ) ∈ kerω♯ ∩ ker η♯;
(ii) (piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α ıRγαdγ¯
α = 0;
(iii) If a section ψ : U ⊂ Rk → Rk × Q of piRk : Rk × Q → Rk is an integral
section of Zγ then γ ◦ ψ is a solution of the Hamilton-De Donder-Weyl
equations (2.5).
Let us observe that there exist k local functions Wα such that γ¯α = dWαx being
Wx the function defined by W
α
x (q) = W
α(x, q). Thus γαi = ∂W
α
/∂qi (see [12]).
Therefore, the condition
(piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α
ıRγαdγ¯
α = 0
can be equivalently written as
∂
∂qi
(
∂Wα
∂xα
+H(xβ , qi,
∂Wα
∂qi
)
)
= 0.
The above expressions mean that
∂Wα
∂xα
+H(xβ , qi,
∂Wα
∂qi
) = K(xβ)
so that if we put H˜ = H −K we deduce the standard form of the Hamilton-Jacobi
equation (since H and H˜ give the same Hamilton-De Donder-Weyl equations).
∂Wα
∂xα
+ H˜(xβ , qi,
∂Wα
∂qi
) = 0 . (3.12)
Therefore the equation
(piQ)
∗[d(H ◦ γ ◦ ix)] +
∑
α
ıRγαdγ¯
α = 0 (3.13)
can be considered as a geometric version of the Hamilton-Jacobi equation for k-
cosymplectic field theories.
4. An example
In this section we will apply our method to a particular example in classical field
theories.
The equation of a scalar field φ (for instance the gravitational field) which acts
on the 4-dimensional space-time is (see [11]):
( +m2)φ = F ′(φ) , (4.1)
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where m is the mass of the particle over which the fields acts, F is a scalar function
such that F (φ) − 1
2
m2φ2 is the potential energy of the particle of mass m, and 
is the Laplace-Beltrami operator given by
φ : = div gradφ =
1√−g
∂
∂xα
(√−ggαβ ∂φ
∂xβ
)
,
(gαβ) being a pseudo-Riemannian metric tensor in the 4-dimensional space-time of
signature (− +++), and √−g =√− det gαβ.
We consider the Lagrangian
L(x1, x2, x3, x4, q, v1, v2, v3, v4) =
√−g
(
F (q)− 1
2
m2q2
)
+
1
2
gαβvαvβ ,
where q denotes the scalar field φ and vα the partial derivative ∂φ/∂xα. Then the
equation (4.1) is just the Euler-Lagrange equation associated to L.
Consider the Hamiltonian function H ∈ C∞(R4 × (T 14 )∗R) given by
H(x1, x2, x3, x4, q, p1, p2, p3, p4) =
1
2
√−g gαβp
αpβ −√−g
(
F (q)− 1
2
m2q2
)
,
where (x1, x2, x3, x4) are the coordinates on R4, q denotes the scalar field φ and
(x1, x2, x3, x4, q, p1, p2, p3, p4) the canonical coordinates on R4 × (T 14 )∗R. Let us
recall that this Hamiltonian function can be obtained from the Lagrangian L just
using the Legendre transformation defined in [21, 22].
Then
∂H
∂q
= −√−g
(
F ′(q) −m2q
)
,
∂H
∂pα
=
1√−g gαβp
β . (4.2)
The Hamilton-Jacobi equation becomes
−√−g
(
F ′(q)−m2q
)
+
1√−g gαβγ
β ∂γ
α
∂q
+
∂γα
∂xα
= 0 . (4.3)
Since our main goal is to show how the method developed in Section 3 works,
we will consider, for simplicity, the following particular case:
F (q) =
1
2
m2q2,
being (gαβ) the Minkowski metric on R
4, i.e. (gαβ) = diag(−1, 1, 1, 1).
Let γ : R4 → R4 × (T 1k )∗R be the section of (piR)1,0 defined by the family of 4
1-forms along of piR : R
4 × R→ R
γ¯α =
1
2
Cαq
2dq
with 1 ≤ α ≤ 4 and where Cα are four constants such that C21 = C22 + C33 + C24 .
This section γ satisfies the Hamilton-Jacobi equation (4.3) that in this particular
case is given by
−1
2
C21q
3 +
1
2
4∑
a=2
C2aq
3 = 0 ,
therefore, the condition (ii) of the Theorem 3.2 holds.
The 4-vector field Zγ = (Zγ1 , Z
γ
2 , Z
γ
3 , Z
γ
4 ) is locally given by
Zγ1 =
∂
∂x1
− 1
2
C1q
2 ∂
∂q
, Zγa =
∂
∂xa
+
1
2
Caq
2 ∂
∂q
,
with a = 2, 3, 4. The map ψ : R4 → R4 × R defined by
ψ(x1, x2, x3, x4) =
2
C1x1 − C2x2 − C3x3 − C4x4 + C , C ∈ R ,
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is an integral section of the 4-vector field Zγ .
By Theorem 3.2 one obtains that the map ϕ = γ ◦ ψ, locally given by
(xα)→ (xα, ψ(xα), 1
2
Cβ(ψ(x
α))2) ,
is a solution of the Hamilton-De Donder-Weyl equations associated to H , that is,
0 =
4∑
α=1
∂
∂xα
(1
2
Cαψ
2
)
,
− 12C1ψ2 =
∂ψ
∂x1
,
1
2Caψ
2 =
∂ψ
∂xa
, a = 2, 3, 4 .
Let us observe that these equations imply that the scalar field ψ is a solution to
the 3-dimensional wave equation.
In this particular example the functions Wα are given by
Wα(x, q) =
1
6
Cαq
3 + h(x) ,
where h ∈ C∞(R4).
In [26, 31], the authors describe an alternative method that can be compared
with the above one.
First, we consider the set of functions Wα : R4 × R→ R, 1 ≤ α ≤ 4 defined by
Wα(x, q) = (q − 1
2
φ(x))
√−ggαβ ∂φ
∂xβ
,
where φ is a solution to the Euler-Lagrange equation (4.1). Using these functions
we can consider a section γ of (piR)1,0 : R
4 × (T 14 )∗R→ R4 × R with components
γα =
∂Wα
∂q
=
√−ggαβ ∂φ
∂xβ
.
By a direct computation we obtain that this section γ is a solution to the
Hamilton-Jacobi equation (3.13).
Now from (3.9) and (4.2) we obtain the 4-vector field Zγ is given by
Zγα =
∂
∂xα
+
∂φ
∂xα
∂
∂q
. (4.4)
Let us observe that Zγ is an integrable 4-vector field on R4 × R. Using the
Hamilton-Jacobi theorem we obtain that σ = (idR4 , φ) : R
4 → R4×R is an integral
section of the 4-vector field Zγ defined by (4.4), then γ ◦ σ is a solution of the
Hamilton-De Donder Weyl equation associated with the Hamiltonian of the massive
scalar field.
If we now consider the particular case F (q) = m2q2, we obtain the Klein-Gordon
equation; this is just the case discussed in [26].
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